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Denote the number of vertices of G by ]G[. A clique of graph G is a maximal complete 
subgraph. The density oJ(G) is the number of vertices in the largest clique of G. If ¢o(G)>~½ ]GI, 
then G has at most 2 t°l-'cG) cliques. The extremal graphs are then examined as wen. 
Terminology 
We will be concerned only with undirected, connected graphs without loops or 
multiple edges. For terms not explicitly defined below we will follow Harary [5]. If 
u and v are vertices of G denote the edge between them by uv. A clique of graph 
G is a maximal complete subgraph of G. The clique graph K(G) of a graph G is 
the intersection graph of the cliques of G. The clique graph of K(G) will be 
written K2(G). Denote the number of vertices of a graph G by ]G]. The induced 
subgraph (S) on a subset S of the vertices of G is the graph with vertices S and 
s~s i ~ e((S)) if and only if s~sj ~ e(G). The density o(G) of graph G is the number of 
vertices in the largest clique of G. A graph G will be called dense if oJ(G)>~½ ]G[. 
For v ~ v(G) let F(v) = {u ~ v(G): vu~ e(G)}. 
1. Introduction 
The clique is a very basic structure in a graph, and has received considerable 
investigation. One of the first questions one might ask is, What is the maximum 
number of cliques possible in a graph with t vertices? This Moon and Moser [8] 
answered in a paper in which they characterized these extremal graphs. Harary 
and Lempel [ 6] presented transformations of these extremal graphs into standard 
forms, and gave certain further properties of these graphs. 
Moon and Moser [8] also gave bounds for the number of different sizes of 
cliques possible in a graph with t vertices. Spencer [10] produced a counterexam- 
pie to a conjecture by P. Erd6s concerning the asymptotic behavior of these 
bounds. 
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The stability number of a graph G is the size of the largest set of mutually 
disjoint vertices. This is closely related to clique concepts as its complement in (~ 
is the density of t~. Chv~tal [3] has investigated an algorithm for determining the 
stability number of a graph. Binionnet [1] considered an algorithm for finding the 
density of a graph. 
Bollobas and Erd6s [2] have given sharp bounds on the distribution of the 
densities of random graphs on t vertices, for t large. They also gave bounds for 
the number of different sizes of cliques one can expect o find in large random 
graphs. 
The type of question with which this paper deals goes back to a formative paper 
by Turan [11] in which he asked, Given integers (2~<)s <~ t, what is the maximum 
number of edges in a graph on t vertices without a complete subgraph of order 
s + 1? He characterized the extremal graphs which achieve this bound, and they 
have since become known as the Turan graphs T(t, s). To construct T(t, s), 
consider t vertices {vl , . . . ,  v,} and connect with an edge vi to vj if and only if i~] 
(mod s). The extremal graphs Moon and Moser [8] constructed were Turan 
graphs, although they did not explicitly so state. Let q-complete subgraph denote a 
complete subgraph with q vertices. Roman [9] generalized Turan's result to show 
that T(t, s) is again the unique extremal graph which maximizes the possible 
number of q-complete subgraphs among all graphs on t vertices with no (s + 1)- 
complete subgraph for 1 < q < s. 
The present paper asks, What is the maximum number of cliques possible 
among graphs G on t vertices with density to(G)= s? In the case s >~½t this paper 
shows that this number is 2 t-s. These extremal graphs are not unique, but it will 
be shown that all such extremal graphs contain T(2(t-s), t -s )  as an induced 
subgraph. This graph, however, will be called a Neumann graph, as it was 
rediscovered by Neumann [4] in 1972 in his study of clique divergence. This 
graph merits some distinctive appellation as it has the interesting property, not 
shared by Turan graphs in general, that the clique graph of a Neumann graph is a 
Neumann graph, as was stated by Neumann [4] and rederived in Corollary 3.3 
below. 
The case s < ½t is dealt with by the present author in a subsequent paper [7 ] in 
which it is shown that the extremal graphs which maximize the number of cliques 
possible among graphs G on t vertices with density to(G)= s are exactly the 
Turan graphs T(t, s). 
2. Bonds  on K(G) in ternm of the density 
Intuitively, very dense graphs hould have fewer cliques than less dense graphs. 
The following theorem makes this precise. 
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Theorem 2.1. For every graph G, 
2 I~1-°'(~ >I IK(G)I. (2.1) 
Proof. Let C~ be a clique of G such that [C~I = to(G). Let G* be the set of 
vertices of G not in Cx, i.e., G*= v(G) -C I .  Denote by ~(G*)  the set of all 
subsets of G*. Define a function f from K(G) to ~(G*)  by f(Ci)= C~ f'l G* for 
l<-i<~lK(O) I.
This function f :  K(G) ----> ~(G*)  is one-to-one; otherwise, assume there are two 
cliques Ci and Cj such that f (~)=f (C  i) but Ci~ Ci. Then there exist vertices 
v~ • C~ and v i • Cj such that viq¢ e(G). Now 
C, = C, f'l (G* O CO = (C, Cl O*) O (C, FI C~) = f(C,) O (C, Cl CO. 
Likewise, Cj=f(Ci)O(CjfqC1). As f (Q)=f(C i ) ,  then v, eQfqC~ and vi• 
C i f3 C~. But then v~ and v i • C1; hence, v~vj • e(G). 
Since f is one-to-one, there are no more elements in its domain than its range; 
from this inequality (2.1) follows. [] 
Corollary 2.2. If, for graph G, inequality (2.1) is sharp, then G is dense. 
Proof. Let C~, G*, and f be as above. Supposing that for graph G, 2 I~1-'°(~= 
[K(G)I, we know that f is also bijective. Hence, G* is also a clique of G. Hence, 
to(G)~IG*I=IGI- ICI I=[G[-to(G).  Therefore, to(G)~>½lG[. [] 
Call any graph G packed if 2 I~1-~(G~ = [K(G)I. The corollary tells us that if any 
packed graph exists, it must be dense. But are there any packed graphs? The 
following theorem answers this question affirmatively. Escalante [4] quotes as a 
private communciation a result of Neumann's which demonstrates the existence of 
clique divergent graphs, that is, graphs G such that limn_.~. IK"(G)[ = oo. Borrow- 
ing his example, we define a 2n-Neumann graph as the complement of a 
matching between 2n vertices. That is, let H be a graph on vertices v l , . . . ,  v2, 
such that viv i •e (H)  if and only if j= i+n,  for l<-i<-n. Then /7/, the 
complement of H, is a 2n-Neumann graph. The result in Escalante [4] follows 
as a corollary to Theorem 2.3 below. 
We now show that inequality (2.1) can be sharp for all possible sizes of dense 
graphs. 
Theorem 2.3. For any integers , t >I 4 where t >~ s>I ½t, there exists a graph G such 
that IGI = t, to (G)= s, and such that 2 ' -~= IK(G)I. 
Proof. If t = s, then let G = K,  the complete graph on t vertices. Clearly, G is 
packed. So assume that t > s. Consider the 2(t -s) -Neumann graph N on vertices 
vl, , . ,  v2(t-s), where v l , . . . ,  vt-s are the vertices of a clique, as are vertices 
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vt - ,+l , . . . ,v2( t -s ) ,  and where for l<~i<]<~2(t -s) ,  v i r i le (N)  if and only if 
] - i • t - s .  
If s=½t, then let G=N,  with cliques Cl=(Vt_s+l,...,v2(t_~)) and C2 = 
(v~, . . . ,  vt-s). Otherwise, let G be the graph resulting from adding 2s - t  new 
vertices v2e-s)+~, • . . ,  vt to N together with all edges vi% where t -  s + 1<~ i ~< 
2( t - s )  and 2(t-s)+l<~]<~t. Clearly, v t - s+ l , . . . ,  vt are the vertices of a clique; 
call it C1. Denote by C2 the clique containing Vl, • • . ,  vt-~. Since to(N) = [C21 < ICl[ 
we know to(G) = IC1[ = s. 
We will now show that G is packed. As in Theorem 2.1, let f be a function 
from K(G)  onto ~(C2) defined by f (C)= C N C2. We know that f is one-to-one. 
If we can show that f is bijective, then we are done, as in that case ~(C2) = IK(G)I 
and It21-- t - s  -- IG I - to (G) .  
So we need only show that f is onto. Let S be any subset of C2. We want to find 
a clique C* such that f(C*) = S. If S = ~, then C* = C1. If S = C2, then C* = C2. 
So assume S is a nonempty, proper subset of C2. Denote the vertices of S by 
vh , . . . ,  v~ where 1 <~ n < t -  s. Let T = C1 N F(vi,) N.  • • N F(v~,). Then let C* = 
(TUS) .  
To see that C* thus defined is a clique, first we need to show that C* is 
complete. For any u,w~TUS if u ,w~S then u ,w~C2,  and uw~e(G) .  If 
u, w e T, then u, w ~ C1 and uw ~ e(G). If u ~ S and w e T, then w ~ F(u) and 
uwee(G) .  
Finally, we need to show that C* is maximal, that is, for any vertex w 
G - (T U S) we need to show that w~ C*. If w ~ G - (T U S) then either w e C1-  T 
or weC2-S .  First, assume weCx-T .  Then for some l<-m<~n, weF(v~,); 
hence, wv~.¢ e(G) and w~ C*. 
Secondly, assume w e C2-  S. Then, for some 1 ~< k ~< t -  s, w = vk. Since 
({Vl, • • •, v2(,-,)}) is the 2 ( t -  s)-Neumann graph, recall that for 1 ~< i < ] ~< 2( t -  s), 
viv i ~ e(G) if and only if ] -  i¢ t - s .  Thus, VkVk+,-,~ e(G). But as Vk¢{Vh,. . . ,  V~,} 
we know that vk +,-~ ~ {vi,+,_~,..., yr,+,_, }, and v k +t-~ ~ F(vq) N- .  • f'l F(v~,); hence, 
vk+,-s a C*. But then Vk d C*. [ ]  
Coroilm~ 2.4. For n >>-2, the 2n-Neumann graph is packed. 
Proof. For s = ½n this follows from Theorem 2.3 []  
3. Graphs aehiev~g this bound 
The following theorem shows that the only packed graphs are essentially 
2n-Neumann graphs. 
' I 'neore~ 3 .L  For graph G, let IGI-  to(G) = n. I f  2 ~ = IK(G)I, then G contains an 
induced subgraph isomorphic to the 2n-Neumann graph. 
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l[~root. Let IGI = t and to(G)= s. Denote by C' a clique of G such that I c ' l  = 
to(G). Define as above a function f from K(G) onto ~(G-C ' )  by f(C)= 
C fq (G-  C'). From Theorem 2.1 f is one-to-one, and since G is packed, f in fact 
must be bijective. Hence, G-C '  is itself a clique; denote it by C". 
Denote the ( t -  s) vertices of C" by vz , . . . ,  v'`. Since f is bijective,/-l({v~}) and 
f-l(C"-{v~}) are two different cliques for every l<~i ~<n. So there must be a 
vertex of C' contained in f(C"-{vi}) but not contained in/({v~}); call it v'`+~. Then, 
v'`+~vi~e(G) but v'`+~v~e(G) for all ]#i, l<~]<-n. Therefore, ({vl, . . . ,  v2"`}) is 
isomorphic to the 2n-Neumann graph. [] 
From this we may deduce a theorem characterizing the clique graphs of packed 
graphs. 
Theorem 3.2. For graph G let IGI-~(G)=n. If 2"` =[K(G)I then K(G) is 
isomorphic to the 2n-Neurnann graph. 
10~x~t. Let [, C', and C" be as in Theorem 3.1, with vertices vz,... ,  v2"  `indexed 
so that virile(G) for l~ i< j<~2n if and only if ] - i~n .  The function f is a 
bijection from K(G) onto ~(C'3. Clearly, the 2"` subsets Sp of C" can be indexed 
so that for 1 <~p <~2 "`-1-1, Sp+2--, = C"-Sp, and $2~-~ =¢ and $2~= C". That is, 
the indices of complementary subsets of C" differ by exactly 2 "`-1. As f is a 
bijection this indexing of the subsets of C" induces an indexing of the cliques of G 
so that for 1 ~p ~<2"`, f-Z(Sp)= Cp. Note that C2~-~ =C' and C2~= C". To show 
that K(G) is isomorphic to the 2"`-Neumann graph, there remains only to show 
that for l~<p<q~<2 n, CpNCq~ if and only if q -p~2 n-1. 
Assume for l<~p<q~2"  that q -p~2 n-1. If q=2"` then p~2 "`-1 and 
C,~f~C_a,=C"tqCp~, as Cp~C'. If p=2 "-1 then q:~2 ~ and CqNC_,= 
Cq f3 C' ~ ~t, as Cq ~ C". So we may assume 1 ~< p < q ~< 2" - 1 with p ~ 2 "`-1. Recall 
that ({v l , . . . ,v2"`}) is  a 2n-Neumann graph with {vl,. . . ,v'`}cC" and 
{v'`+~,..., v2"`}c C'. Since q -p~ 2 n-x, Sp and Sq are not complementary subsets 
of C"; hence, either Sp N Sq ~ ¢ or for some 1 <~ i ~ n, v~¢ S v and v~ Sq. If 
SpnSq~¢, then Cpf3Cq~. If for some l<~i~n, vidSpnSq then, as 
({vl , . . . ,  v'`}) is a 2n-Neumann graph, we know for vi+'` ~ C' that for all v 
Sp USq, vi+'`v~e(G), and hence vi+,~CpNCq. 
Assume for l~<p<q<~2"` that Cpf3Cq~¢. If q=2"  then Cq=C" and 
Cp~C'=C2.-~; hence, q-p~2 n-1. If p=2 "`-1 then Cp=C'  and Cp~C"=C2~; 
hence, q - p ~ 2 "-1. So we may assume 1 ~< p < q ~< 2"` - 1 with p ~ 2 "`-1. For some 
l<~]<~2n, vieC~f3C q. If vi~C" then (C1, NC")fq(C, tqC")=Spf~S,~O, and Sp 
and Sq are not complementary subsets of C"; hence, q -p~2 "-1. So assume 
v i~G-C"= C'. 
As ({vl, . . .  ,v2~}) is a 2n-Neumann graph, we know for v~_'`~C" that 
v~v'`_~de(G). Thus v~_'`¢ C~ and q-n¢Cq;  hence, vi_~¢S p and vi_n~S q.There- 
fore, Sp and S, are not complementary subsets of C", and q -p~ 2 "`-1. F-I 
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The following is clearly a special case of Theorem 3.2. 
Corollary 3.3. The clique graph of a 2n-Neumann graph is a 2n-Neumann graph. 
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